In this paper, we discuss the viscosity solutions of the weakly coupled systems of fully nonlinear second-order degenerate parabolic equations and their Cauchy-Dirichlet problem. We prove the existence, uniqueness and continuity of viscosity solution by combining Perron's method with the technique of coupled solutions. The results here generalize those in
Introduction
In this paper, we discuss the following initial-boundary value problem of weakly coupled systems of fully nonlinear second-order degenerate parabolic partial differential equations: To extend the technique of viscosity solutions to general equations, e.g., random parabolic equations or systems, we will use the following notations: A nonlinear operator F is called to be degenerate parabolic (parabolic in short) if F *
i (t, x; u; a, p, X) F i * (t, x; u; a, p, Y ), i = 1, . . . , m, whenever X Y, (2) and F * i (t, x; u; b, p, X) F i * (t, x; u; a, p, X), i = 1, . . ., m, whenever b a,
where a, b ∈ R, u ∈ R m , x, p ∈ R n , X, Y ∈ S(n). F is called weakly coupled if every F i is independent of the derivatives of the coupled variables u j , j = i. Such an operator F as defined above is an extension of heat operator. System (1) involves many examples including the systems of ordinary differential equation of the first order, the linear and quasi-linear parabolic and degenerate parabolic partial differential equations (which modeling the reaction-diffusion phenomena in chemistry and biology) and, especially, fully nonlinear partial differential equations (such as Monge-Ampere equation in geometry, and Bellman and Isaacs equations arising from optimal control).
For reader's convenience, we recall first the notation of viscosity solutions. We consider a single fully nonlinear parabolic equation 
whenever φ is C 2 and (t,x) is a local maximum of u − φ. The fact of that (t,x) is a local maximum of u − φ can be expressed as
u(t, x) u(t,x) + a(t −t ) + p, x
where (a, p, X)
x u), we define "superjet" of u at the point (t,x) as
And then, we set the "closure of the superjet"
Q u(t n , x n ) and (t n , x n , a n , p n , X n ) → (t,x, a, p, X) , which will be needed in the following sections.
Switching the inequality sign in (7), we arrive at the definition of the "subjet" P 
u is a viscosity solution of f = 0 if it is both viscosity sub-solution and a viscosity supersolution of f = 0.
After being introduced by Crandall and Lions [1] , the concept of viscosity solution has become a powerful tool to study the fully nonlinear partial differential equations. However, when we wish to study systems, ever those with very special coupled structure, there are only a few results. In fact, the concept of viscosity solution is based on the comparison, it only applies to the scalar degenerate elliptic equations (including the parabolic equations) rather than hyperbolic ones and systems. For the scalar parabolic equation
because the image of the function f : Q × R × R n × S → R is in a total-ordered space, we have comparison. For the system of parabolic equations,
is in a partial-ordered space in which trichotomy law is invalid. So it is more difficult to deal with the systems. In order to use the maximum principle method, quasi-decreasing assumption has been introduced in [2] [3] [4] [5] .
In [6] , the existence and uniqueness of the viscosity solution have been proved by combining Perron's method with the technique of coupled solutions for Dirichlet problem of degenerate elliptic systems which is quasi-increasing or mixed-quasi-monotone. In fact, the technique of coupled solutions is to introduce a new order in R m corresponding to the quasi-monotonicity of F in which the system is "quasi-decreasing" and the comparison holds.
In this paper, we are concerned with the degenerate parabolic systems consisting of m equations. We establish the comparison under weaker conditions than those for degenerate elliptic systems in [6] . We prove the existence and uniqueness of the viscosity solution of problem (1) by combining Perron's method with the technique of coupled solutions (see [8, [10] [11] [12] [13] ) and we show that the viscosity solution of (1) is continuous even though F are not continuous.
The paper consists of 5 sections. Section 2 devotes to the quasi-monotone parabolic systems. The concepts of the coupled viscosity sub-and super-solution, coupled viscosity solutions and viscosity solution for the weakly coupled quasi-monotone degenerate parabolic systems are introduced first. The definition of the coupled viscosity sub-and super-solutions is not ordinary, which is the key of the technique of coupled solutions. In such a way, the comparison holds true and Perron's method could be applied to general quasi-monotone systems to prove the existence of coupled viscosity solutions, and then the existence, uniqueness and continuity of viscosity solution follow. In Section 3, the same result is proved for the nonquasi-monotone systems by making use of the concept of viscosity sub-and super-solutions in strong sense (cf. [2, 3] ) and fixed point theorem. Section 4 is devoted to existence of the coupled viscosity sub-and super-solutions and the coupled viscosity sub-and super-solutions in strong sense. In Section 5, some examples are presented.
Quasi-monotone systems
The system of functions F is said to be quasi-monotone if every F i is monotone with respect to every coupled variable
is called a viscosity sub-solution (or super-solution) of (1) if it is locally bounded in Q and satisfies
where P
2,+
Q U * i (t, x) and P
2,−
Q U i * (t, x) denote the second-order superjet and subjet of U i (t, x), respectively (cf. (7)).
It is well known that the comparison does not hold for the systems in such a notion of viscosity sub-and super-solutions. We apply the technique of coupled solutions, i.e., to define the sub-and super-solutions in a special way (which is called a coupled sub-and super-solution), to solve this difficulty.
To give the definition of coupled sub-and super-solutions, we first put that A = {1, . . ., m} and A i ⊂ A\{i} is called the decreasing index set of F i , i.e., F i is decreasing with respect to the coupled variable u j as j ∈ A i and increasing with respect to u k as k / ∈ A i . Then, we define
Definition 1. Suppose that F is degenerate parabolic, locally bounded, and quasi-
, is called a coupled viscosity sub-and super-solution of (1) if it is locally bounded in Q and satisfy
Definition 2. (U (t, x), V (t, x)
) is called a coupled viscosity solutions of (1) if (U, V ) and (V , U ) are both coupled viscosity sub and super-solutions of (1).
Definition 3. u(t, x) is called a viscosity solution of (1) if (u, u) is a coupled viscosity solution of (1).
With the concept of the coupled viscosity sub-and super-solution, the following theorem could be proved by Perron's method.
Theorem 1. Suppose that F is parabolic, locally bounded, and quasi-monotone. If (U, V ) is a coupled viscosity sub-and super-solution of (1) and U(t, x) V (t, x) for all (t, x) ∈ Q, then problem (1) has a coupled viscosity solution (u, v) satisfying
U * v u V * onQ.
If the comparison holds in addition, then problem (1) has unique viscosity solution
To establish the comparison, it demands the following conditions:
• There exist constants β i > 0 such that
for each fixed t ∈ R,
• There are constants
Remark 1. In fact, instead of (A2), it might be supposed as well that, for an arbitrary constant λ large enough,
m, where
i . It can be shown that G satisfies the inequality (A2 ) if F satisfies (A1) and (A2), and if F satisfies (A1) and (A3), so does G (G satisfies (A1) with the same constants for F and (A3) with probable different continuous functions ω i , i = 1, . . . , m).
Theorem 2. Suppose that F is parabolic, locally bounded, quasi-monotone, and satisfies (A1)-(A4). If (U, V ) is a coupled viscosity sub-and super-solution of
The following Proposition 3 for parabolic superjet and subjet is an extension of Proposition 4.3 in [7] for elliptic superjet and subjet, which is useful for proving the above theorems.
Then, there exist
such that
Proof. It might be set as well that z = 0. Let v be a scalar upper-semi-continuous function and (a, p, X) ∈ P 2,+ Q v(t 0 , z). From the definition of (a, p, X), we know that for any d > 0, there is γ > 0 such that the set N γ = {(t, x) ∈ Q: |x| γ , |t − t 0 | γ } is compact and
By position (i), there is a function sequence {u (k) (t, x)} and a point sequence
be the maximum point of the function
Because we are looking for (a (k) 
which is only concerned with a small neighborhood of the point (t (k) ,x (k) ), we may as well suppose that t − t 0 andt (k) − t 0 have the same sign, then
. And on account of the fact
we get
Because the set N γ is compact, there is a point (τ, ξ ) ∈ N γ such that (passing to a sub- (15) and taking the limit superior as k → ∞, we find that
We conclude from (16) that
This inequality implies τ = t 0 , ξ = 0, so (t (k) ,x (k) ) → (t 0 , 0) (without passing to a subsequence). At the same time, by the arbitrariness of d, we see that
thus, we conclude that
The proof is completed. ✷ Let F be degenerate parabolic, locally bounded, and quasi-monotone. Suppose that (U, V ) is a coupled viscosity sub-and super-solution of (1) satisfying U(t, x) V (t, x) for all (t, x) ∈ Q, and define
is a coupled viscosity sub-and super-solution of (1) satisfying U u, v V ,
Then, we have the following lemmas.
Proof. S and P are nonempty because U ∈ S and V ∈ P , and
. . , m, because Q is compact and U and V are upper-and lower-semi-continuous on Q, respectively.
For an arbitrary i ∈ A, suppose that
. By the definition ofū * , there is a sequence {u 
On virtue of upper-semi-continuity ofū * i , we see that
). Thus, the conditions of Proposition 3 hold, and hence there are (t (k) 
From the definitions of u
m (which might be as well supposed to be continuous for convenience) such that U j w (k) j V j and
∈ A i . Furthermore, we know from the definition of
On virtue of quasi-monotonicity and lower-semi-continuity of F i * , , z) , from definition, there is a sequence {v (k) i } ⊂ P i (all components of which might be as well supposed to be lower-semicontinuous) and a sequence of points z,v i *  ) . From its lower-semi-continuity, we see that
i (τ (k) , ξ (k) )). Thus, the conditions of Proposition 3 hold again, and hence there are (t (k) 
From the definitions of v (k)
i , there are w
m (which might be as well supposed to be continuous again) such that U j w
On account of quasi-monotonicity and upper-semi-continuity of Proof. If {u, v} ∈ S × P while u i * is not a viscosity super-solution of (1), i.e., there is a point (t 0 , x 0 ) ∈ Q (we might as well suppose x 0 = 0 ∈ Ω for convenience) such that
Similarly to the proof of Lemma 4.4 in [7] , by semi-continuity of F i * ,
is a classical solution of F i * 0 in B γ = {x | |x| < γ } for all small r, δ, γ > 0. It is clear thatÛ
is a viscosity sub-solution of F i = 0. LetÛ j = u * j , j = i, andV = v; then we have that U u,V v, and {Û,V } = {u, v}. Due to the fact that F j , j = i, are quasi-monotone,
Thus, (Û,V ) is another couple of viscosity sub-and super-solution of (1), the conclusion of lemma holds. If (u, v) ∈ S × P while v * i is not a viscosity sub-solution of (1), i.e., 
Q V i * (t, x) .
Due to (A1), (A4), and (A2 ) with the constant λ > j =i L ij , we have that
Q V i * (t, x).
Thus, we observe that (Û,V ) is also a coupled viscosity sub-and super-solution of (1) and satisfies the following inequalities:
Since U V follows fromÛ V in the limit ↓ 0, it will simply suffice to prove the comparison under the additional assumptions  
Now, we are proving the comparison by contradiction under assumptions (A2 ) and (17). We may suppose as well that there is i ∈ {1, . . ., m} and
Consider the function
Let (t α , x α , y α ) be the local maximum point of M i (t, x, y) for a fixed α. (This maximum, denoted by M α , can be obtained in a neighborhood N of the point (t, x) and is positive and bounded as α is large enough since
.) It can be seen that
From the initial and boundary value conditions, we conclude that t α = 0 and x α , y α ∈ ∂Ω as α is large enough. From (iii) in (17), we also see that t α = T . Thus we may employ Theorem 8.3 in [7] to learn that there are a,
From inequality (A2 ), we have that
Because (U, V ) is a coupled viscosity sub-and super-solution of (1) 
Due to (A3) and (A4),
Hence, it leads to the inequality
This is a contradiction because λ > j =i L ij . The comparison is proved. ✷
The nonquasi-monotone systems
For the nonquasi-monotone systems, we follow [2, 3] to introduce the notion of the coupled viscosity sub-and super-solution in strong sense. To do so, U and V are said to satisfy condition (C) if (C) There is a continuous function η(t, x) such that 
for any continuous function φ(t, x) between U * and V * , and (13), where
Theorem 6. Suppose that F is parabolic, locally bounded, and (A1)-(A4) hold. If (U, V )
is a coupled viscosity sub-and super-solution in strong sense to (1) , then
• There is a unique viscosity solution u(t, x) ∈ C(Q) to problem (1) satisfying U * u V * onQ.
Proof. Prove it by the fixed point theorem. For a continuous function φ between U and V , consider the following system:
This system consists of m separated equations without coupling, and the components of U and V are viscosity sub-and super-solutions of these m separated equations, respectively. The comparative result follows the comparison theorem of viscosity solution for scalar equation (see [7] ). And from the existence theorem of viscosity solution for scalar equation, there is a viscosity solution u for (26), which depends on the given function φ and satisfies U * u V * . Thus, an operator A : φ → u is defined. A fixed point of the operator A is obviously a viscosity solution of (1) . 
(t α , x α , y α ) denotes again the local maximum point of M i (t, x, y) for a fixed α and M i (α) denotes this maximum. Hence
From the initial-boundary value conditions and (iii) in (17), it can be seen that t α = 0, T and x α , y α / ∈ ∂Ω if α is large enough. By Theorem 8.3 in [7] , there are a, 
Because u = Aφ and v = Aη, (28) < 0. Due to (A3),
which goes to 0 as α → +∞. From (A4),
Then, as α → +∞,
Similarly, if
Thus,
Because λ could be taken large enough such that λ > m i,j =1 L ij according to Remark 1, it has been proved that A is a contraction. By Banach's fixed point theorem, there is a unique continuous vector function u ∈ B such that u = Au which does be the unique viscosity solution of (1). ✷ Remark 2. It can been seen from (20)- (22) and (28) 
For instance, the comparison does still hold if F i , i = 1, . . . , m, satisfy (A1), (A2), (A3 ), and (A4 ), or (A1), (A2), (A3 ), and (A4 ), or (A1 ), (A2 ), (A3), and (A4 ) etc.
On the coupled viscosity sub-and super-solutions
Considering the coupled viscosity sub-and super-solutions in strong sense to (1), we have the following theorem.
Theorem 7.
Suppose that F is degenerate parabolic, locally bounded, and satisfies (A1), (A2), and (A4). Let U and V be viscosity sub-and super-solution of (1), respectively, satisfying condition (C) and
Suppose also that
where
is a solution for the system of ordinary differential equations
β i h i (t) − γ i h i (t) − j =i L ij (h j (t) + d) = 0, h i (0) = d, i = 1, . . . , m.(35)
Then, (Û,V ) is a coupled viscosity sub-and super-solution in strong sense to (1).
Proof. From the theory of ordinary differential equations (see [14, 15] ), there exists a solution of (35) Due to the fact that U and V are viscosity sub-and super-solutions to (1), respectively, we have that 
Suppose also that

U(t, x) = U(t, x) − h(t),V (t, x) = V (t, x) + h(t), where h(t) ∈ (C 1 [0, T ]) m is a solution of (35). Then, (Û,V ) is a coupled viscosity sub-
and super-solution of (1).
Examples
Example 1 (Weakly coupled parabolic systems). (t, x) only are required to be continuous and bounded or not to change their signs. However, they are required in [3, 9] to satisfy It is more stronger.
Suppose that φ i (x) 0 are continuous onΩ and 
